Abstract. We present the Piecewise Linear Approximation Model of Ion Channel contribution (PLAMIC) to cardiac excitation. We use the PLAMIC model to conduct formal analysis of cardiac arrhythmic events, namely Early Afterdepolarizations (EADs). The goal is to quantify (for the first time) the contribution of the overall sodium (N a + ), potassium (K + ) and calcium (Ca 2+ ) currents to the occurrence of EADs during the plateau phase of the cardiac action potential (AP). Our analysis yields exact mathematical criteria for the separation of the parameter space for normal and EAD-producing APs, which was validated by simulations with classical AP models based on complex systems of nonlinear differential equations. Our approach offers a simple formal technique for the prediction of conditions leading to arrhythmias (EADs) from a limited set of experimental measurements, and can be invaluable for devising new anti-arrhythmic strategies.
Introduction
Excitable cells are those cells capable of generating and propagating electrical signals without damping. They are essential biological building blocks, determining functionality in the brain, heart, skeletal and smooth muscles.
An action potential (AP) is a change in an excitable cell's membrane potential caused by the flow of different ions across the cell membrane. The left panel in Fig. 1 illustrates a normal AP waveform for a guinea-pig heart cell. By convention, a normal AP follows a well defined cycle of "depolarization" (the rising phase), followed by "repolarization" (the falling phase). Furthermore, in qualitative terms, the "repolarization" phase can be divided in "early repolarization", "plateau" and "final repolarization".
Under some pathological conditions leading to a prolonged repolarization phase, the morphology of the AP can be altered by an abnormal secondary depolarization, termed Early Afterdepolarization (EAD). By clinical definition [3, 4] , EADs occur before the completion of repolarization of an AP (as illustrated in the right panel of Fig. 1) .
Such cellular-level events can give rise to undesired new excitation waves and can precipitate life-threatening heart activation sequences, e.g. tachyarrhythmias, especially in patients with Long QT syndrome [5, 8] . As critical arrhythmia triggers, EADs have been of interest to cardiac researchers for several decades [11] . Attempts have been made to uncover the ionic mechanisms underlying EADs, so that their occurrence can be predicted as well as effectively treated. Various studies have found that the reactivation of calcium (Ca 2+ ) or sodium (N a + ) channels or abnormally reduced potassium (K + ) current can lead to this phenomenon [7, 2, 1] . Yet, a unified view of EAD mechanisms along with predictive criteria are lacking. 
K
+ denote the integral contributions to the AP due to the sodium, calcium and potassium channels, respectively; i.e. the voltages the ionic currents flowing through these channels induce. Further, let V N aK denote the combined sodium and potassium voltage. A key observation is that during normal and abnormal APs, the behavior of V Ca 2+ and V N aK corresponds to triangular-like functions of opposite polarity (see Fig. 3 ). As such, in the PLAMIC model, V Ca 2+ and V N aK are approximated in a piecewise-linear fashion using two very simple triangular functions, each of which naturally comprises a rising phase and a falling phase. The PLAMIC model also incorporates an AP-morphology-related (exponential) decay function, which can be fitted across different cell types.
A main advantage of the PLAMIC model then is its highly constrained parameter space, essentially limited to the peak voltage values and their occurrence in time of the two triangular functions. The model is therefore amenable to a closed-form, voltage-monotonicity analysis on the AP cycle during repolarization. We in fact show that the absence of a monotonically decreasing AP V ( dV dt < 0) during the plateau phase of repolarization is a necessary and sufficient condition for EAD. We furthermore provide specific conditions on the parameter space (involving the relative slopes of the two triangular functions, the relative occurrence of their peaks, and their relative magnitudes) for EAD occurrence.
We also performed an experimental validation of the conditions derived from the above-described formal analysis of the PLAMIC parameter space, assembling a test set of normal and abnormal APs from the widely accepted Luo-Rudy model ventricular cell model [9] . Our results demonstrate that the results of our formal analysis can be used as a valid classifier for EAD prediction.
The organization of the rest of the paper is as follows: Section 2 provides a formal definition of the PLAMIC model. Section 3 conducts a model-based analysis of the conditions under which EADs occur. Section 4 uses computer simulations with the Luo-Rudy model to validate our results. Section 5 offers our concluding remarks and directions for future work.
The PLAMIC Model
Mathematical modeling of excitable cells has a long tradition, starting with the first empirically-derived ionic model of the action potential in a giant squid axon proposed by Hodgkin and Huxley in 1952 [6] . Subsequently, more ion channels and complex biophysical processes have been included in these models, although the general mathematical framework for representing the ion-channel contribution has remained essentially the same.
The model we propose adopts an abstraction based on voltage, i.e., it deals with the superposition of the voltages generated by the individual ion channels. We study the occurrence of EADs as a disturbance in the subtle balance between the underlying ion currents using their voltage surrogates.
The advantage of using superposition of the voltages, as opposed to the ionic currents directly, is the integral (smoother) nature of the former in the RCcircuit model that approximates the electrical behavior of the cell membrane. This facilitates the curve-fitting process and allows for simpler mathematical expressions to be employed and further linearized in a piecewise fashion. The result is the Piecewise Linear Approximation Model of the Ion-Channel contributions (PLAMIC).
We illustrate the idea of the PLAMIC model starting from a modification of traditional ionic models based on the Hodgkin-Huxley formalism. The main equation used in these ionic models is presented in Eqn. 1.
wherev is the time derivative of the membrane potential V, C is the equivalent capacitance of the cell membrane; I i (t) is the sum of all the ion currents flowing in or out of the cell membrane; I st (t) is the stimulation current.
I i (t) may incorporate a number of individual currents for different cell types. For example, in the Luo-Rudy model [9] (LRd), a widely accepted ventricular cell model, currents can be grouped by ion species as in Eqn. 2.
where I Na , I K , and I Ca are the sodium, potassium and calcium overall ion currents, respectively. The top row of Fig. 2 plots these three components of the LRd model for a normal AP. Using for each component current the corresponding voltage, Eqns. 1 and 2 can be equivalently rewritten into the following form (Eqn. 3):
where V Na , V K , V Ca and V st are the voltages obtained via integration from I Na , I K , I Ca and I st , respectively.
The motivation behind Eqn. 3 is to first calculate the voltages from the individual currents and then obtain the overall membrane potential via superposition. Note the much smoother appearance of the voltage curves (bottom row) compared to the "spikey" current curves (top row) in Fig. 2 . Furthermore, grouping the sodium and potassium voltages into one combined voltage yields the opposing triangular-like (and thus inherently linearizable) voltage functions depicted in Fig. 3 .
The essentially triangular-shaped voltage functions suggests the use of two linear segments (linked together in a triangular form) to approximate the combination voltage due to the sodium and potassium currents (denoted as the N aK voltage), and the individual voltage due to the calcium current alone (the Ca voltage).
Definition of the PLAMIC Model
Two linear segments, forming a triangle (also known as a lagrange hat function), are used to represent each of the N aK and Ca voltages. Two of the triangle vertices (beginning and end) are fixed on the time-axis and the triangle shape varies by shift in the free (peak) vertex. The triangular function is shown in By fixing the simulation time T S , each function is determined solely by the switching (peak) point (t max , v max ). The mathematical definition of the triangular function is given by Eqn. 4, where the superscript u ∈ {Ca, N aK} is used to distinguish the voltage functions corresponding to the different current types.
The functions for v Ca and v NaK are then defined simply as follows:
The overall action potential v is the superposition of the two (Eqn. 7).
where g(t) is a decay function related to the AP morphology. It is defined by V max , the absolute difference between the resting potential and the maximum voltage during upstroke, and by D (D < 0), an action-potential-duration parameter which can be adjusted across different cell types (Eqn. 8).
The decay function qualitatively reflects the passive component of the cellmembrane response: an RC circuit will exhibit exponential decay after the upstroke due to capacitor discharge. In the PLAMIC model, this passive decay is used in conjunction with the superposed opposite potentials (N aK and Ca).
Based on the relative magnitude of t Ca max and t NaK max (i.e. which voltage reaches its peak first), the AP equation for v (Eqn. 7) has two alternative formulations. In each case, v is represented as a three-segment function, referred to in the following equations as segments A, B and C, respectively.
First, let a
In Fig. 4 (B) , one of the possible implementations of the PLAMIC model (case I) is shown. The overall PLAMIC-abstracted AP is given as a solid line, with its three segments annotated accordingly. We plot −v NaK instead of v NaK to reveal the similarity to the LRd AP parameters shown in Fig. 3 . (Fig. 5 (A) ). Furthermore, in some cases, the membrane may transiently hyperpolarize; i.e. an undershoot may occur, with the potential lower than the resting potential during final repolarization. This non-monotonic case is also not an EAD ( Figure 5 If, however, the monotonicity analysis is restricted to the "plateau" phase of the repolarization process, any deviation from monotonic decay will effectively be an EAD. In order to define the plateau phase in the PLAMIC model, let notch-delay be the cell-type-specific initial time segment of the repolarization phase during which a notch may occur. The PLAMIC plateau phase is then defined to consist of the suffix of segment A beginning at notch-delay followed by segment B. For most physiological choices of (t u max , v u max ), u ∈ {Ca, N aK}, this definition of the plateau phase coincides closely with its physiological counterpart.
Formal Analysis of the PLAMIC Model
Based on the above monotonicity discussion, the following definition will serve as the theoretical basis of our formal analysis of EAD in the PLAMIC model. In Section 3.2, we present a monotonicity analysis of the PLAMIC plateau phase for both Cases I and II, and derive the exact conditions for EAD occurrence. Physiological explanations for these conditions are discussed as well.
Monotonicity Analysis of the PLAMIC Model
Case I Case I is the most physiologically feasible scenario in cardiac cells. In simulation data of normal cardiac APs using the LRd model, t Ca max < t NaK max holds at all times. As the PLAMIC-based voltage is a piecewise-linear function, monotonicity is analyzed on a per-segment basis.
Segment A The first derivative of v within this segment is given by the following equation
Imposing the condition dv dt > 0 yields:
Further examination of Eqn. 12 shows that the existence of a positive real solution for t requires the following conditions to hold: An intuitive physiological explanation of the above result is that the existence of EAD is closely related to the relative speeds of the voltage increase due to different ion currents, represented by a otherwise, the AP curve will be increasing through this segment. Furthermore, for an EAD to form, the balance has to be in favor of the calcium-current contribution (a 
NaK max
Similarly, the major result for Case II can be summarized as follows.
) is a sufficient condition for a case-II occurrence of EAD during the suffix of segment A beginning at notch-delay.
For segment B, the first derivative of v is given by the following equation.
As a Although this particular EAD morphology was not observed in the computer simulations we performed with the LRd model, this does not preclude its actual occurrence. Further examination of experimental data is needed to confirm or deny the physiological relevance of this case. 
Experimental Validation of the PLAMIC Model
In this section, we consider the experimental validation of the PLAMIC model, specifically, the validity of Theorem 1 as an EAD predictor (classification rule) during the plateau phase of the AP cycle. To this end, we applied the protocols presented in [11] to the LRd cardiac-myocyte model to reproduce a number of AP curves with EADs. We also obtained the corresponding voltages for the calcium and the combined sodium and potassium currents using the integration method of Eqn. A side-by-side comparison of the AP curves obtained from the LRd and PLAMIC models for both normal and EAD-producing APs is illustrated in Fig. 8 . The top-left panel shows a normal AP and an EAD-exhibiting AP, triggered by a calcium-current-enhancing drug, Bay K 8644. The top-right panel shows the PLAMIC model simulation for the two cases, which uses a piecewiselinear approximation of the current-inducing voltages obtained from the LRd model. The bottom row shows similar results for the LRd and PLAMIC models for EADs induced by the administration of cesium, resulting in a substantial prolongation of the repolarization phase.
The AP curves generated by the PLAMIC model qualitatively match the LRd curves, with an AP morphology that is more stylized due to the simplicity of the linear functions on which the PLAMIC model is based. Nevertheless, the EAD phenomenon and variations of the repolarization phase are well captured by the much simpler PLAMIC model. In this paper, we presented the PLAMIC model, a new, simplified model of the action potential in excitable cells. Despite its simplicity and piecewise-linear nature, the PLAMIC model preserves ties to main ionic species and the time course of their contributions to the AP. This allowed us to analyze biological phenomena of clinical importance: early afterdepolarizations (EADs). Unlike the original, highly nonlinear system of equations typically used to model an AP, the PLAMIC model proved amenable to formal analysis.
Specifically, with the PLAMIC model, we were able to explore the parameter space, without having to rely on exhaustive simulations, and to derive basic rules for the conditions under which EADs may occur. Overall, such conditions relate to the subtle balance of different ionic currents during the plateau phase of the repolarization process. While this result is somewhat intuitive and not surprising, to the best of our knowledge, our study is the first to formalize it and to provide quantitative rules for prediction of normal and EAD-containing APs based on the abstracted represenation of the contributing ionic currents. We successfully validated the classification rules obtained by formal analysis with the PLAMIC model by computer simulations with widely accepted, detailed nonlinear AP models.
The utility of the PLAMIC model is rooted in its direct links to experimentally measurable parameters, and the relatively easy derivation of the EAD classification rules for a wide range of AP shapes and different cell types and species. Such a prediction tool can be very useful in designing new anti-arrythmic therapies and in confirming the safety of any genetic or pharmacological manipulations of excitable cells that may lead to alterations in the balance of ionic currents.
There are several limitations of the PLAMIC model. First, due to its simplicity, the AP curves are only qualitatively reproduced. Second, as the PLAMIC model studies the overall contribution of an ionic current to changes in the AP; details about the components of a current (steady-state behavior, kinetics parameters), which may be important, are lacking. Such details can perhaps be inferred to some degree from the simple PLAMIC parameters (t max , v max ) based on the different physiological features of detailed currents.
Future work includes validation of the PLAMIC model using actual experimental data with relevant statistical measures. Furthermore, we will explore the derivation of a more accurate excitable-cell model for EAD prediction, yet one that retains the possibility of formal analysis. Our work in using hybrid automata to model excitable cells [10] is one possible formal framework for this research direction.
